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We consider a number of effects due to the interplay of superconductivity, electromagnetism and
elasticity, which are unique for thin membranes of layered chiral superconductors. Some of them
should be within the reach of present technology, and could be useful for characterizing materi-
als. More speculatively, the enriched control of Josephson junctions they afford might find useful
applications.
Introduction: In spite of its long history, superconduc-
tivity is still a very active area of research with promisees
both of new applications and profound physics insights.
The origin of this open-ended story is the immense vari-
ety of pairing mechanisms and pairing channels. For ex-
ample, the high Tc cuprates feature d-wave pairing whose
mechanism is at present unclear.
Recently there has been great interest in a class of
superconductors called “chiral” superconductors, whose
order parameter, involving angular momentum, breaks
both time reversal and parity. Several promising candi-
dates have been proposed, including Sr2RuO4
1 (chiral p-
wave), SrPtAs2, doped/twisted-bilayer graphene3,4 (chi-
ral d-wave), and UPt3
5 (chiral f-wave). The special in-
terest in the odd chiral pairing materials is largely due to
the prediction that they support Majorana zero modes in
vortex cores and at edges6,7, which are central to several
proposals for topological quantum computation8. How-
ever, despite intensive theoretical study and huge experi-
mental efforts, no material has been proven definitively to
be a chiral superconductor9. In this paper, we study var-
ious phenomena in thin films of chiral superconductors
that depend on the geometry of the sample. The physi-
cal realization can either be very thin films, or strongly
layered materials, where the physics is essentially two-
dimensional. The crucial assumption is that the motion
of the electrons in a Cooper pair is in the plane and
that the curvature of the sample is small enough for the
Cooper pair to be approximated as a point particle with
spin perpendicular to the surface. The geometric phases
that arise when these spins are transported along paths
on a curved surface will be at the heart of the phenom-
ena we shall study. They define unambiguous, and seem-
ingly accessible, signatures for chiral superconductivity.
Closely related time-dependent effects promise to afford
additional control of Josephson junctions through me-
chanical coupling.
Effects of the background geometry on paired 2d
phases of matter have been studied earlier, both
for thin films of Helium III10 and for p-wave
superconductors11,12. Those studies were limited to
static backgrounds. In this paper we shall extend the
analysis to the temporal regime. Perhaps surprisingly,
this not only allows us to study the electromagnetic re-
sponse of a time-dependent (spatial) geometry but also
reveals a more subtle AC geometric Josephson effect that
occurs when rotating a flat geometry. Although the en-
ergy scales characteristic of the superconducting conden-
sate is typically much smaller than the elastic energies
one can envision situations, involving very thin films,
where that is not the case. To analyze such situations
we derive a theory for a thin film of a layered chiral
2d superconductor where both the response of the chiral
superconducting condensate to changes in the geometry
(i.e., strain) and the elastic response of the material are
taken into account.
The paper is organized as follows: We first develop the
necessary formalism, recall some earlier results for fixed
geometries, and propose an embodiment of the geometric
Josephson effect that appears more practical than pre-
vious suggestions. Turning to steady-state rotations, we
will introduce the rotational AC Josephson effect. Finally
we turn to chiral superconductivity on flexible geome-
tries, where the interplay between geometric deformation
and magnetism is exemplified in several phenomena and
devices.
Superconductivity, electromagnetism and elasticity :
The order parameter of a chiral p-wave superconductor is
a complex vector defined in the tangent plane of a surface.
It can be written as Ψ = ψ ±,where ± = (eˆ1 ± ieˆ2) /
√
2
are chiral basis vectors defined in terms of the local or-
thogonal basis vectors, or zweibeins, {eˆa}, a = 1, 2 and
eˆa = eˆ
a. The ± sign denotes the chirality, and ψ = √ρeiθ
is the complex amplitude in terms of the superfluid den-
sity ρ and phase θ. Generalization to a chiral l-wave order
parameter, describing a condensate of Cooper pairs with
orbital angular momentum l~ is straightforward13.
On a curved surface, the simplest effective model of a
chiral l-wave superconductor is that of a time-dependent
Ginzburg-Landau action properly coupled to electromag-
netism and the background geometry,
Lsc = i~ψ∗Dtψ − ~
2gij
2m
(Diψ)
∗(Djψ)− V (|ψ|) , (1)
where V (|ψ|) is a potential causing spontaneous
symmetry-breaking in the chirality + channel and the
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2covariant derivative is defined by,
Dµ = ∂µ − i q~Aµ + il ωµ, (2)
with the electromagnetic potential Aµ = (−φ,Ax, Ay),
q = 2e the Cooper pair charge, and ωµ = eˆ1 · ∂µeˆ2 the
spin connection. Also, gij is the inverse of the metric
tensor gij = e
a
i ea,j .
To describe a flexible thin membrane, we adopt
the Monge representation, R(x, y) = (x, y, h(x, y)), to
parametrize a two-dimension surface embedded in three-
dimensional space, and take the free energy functional
Hgeo =
∫
d2r
(κ
2
H 2 − κGK
)
, (3)
to describe the elastic response14. Here H is the extrin-
sic curvature and
K =
1
2
ij√
g
(∂iωj − ∂jωi) ≡ 1
2
ij√
g
Rij (4)
is the Gaussian curvature of the surface (Rij is the Rie-
mann curvature). κ and κG are the bending and Gaus-
sian rigidity, respectively. A rigid planar geometry cor-
responds to κ, κG → ∞. In the small gradient approxi-
mation (|∇h| << 1), the extrinsic curvature H ≈ ∇2h,
the Gaussian curvature K ≈ ∂2xh∂2yh − (∂x∂yh)2, and
the spin connection ωi ≈ 12kl∂l[(∂kh)(∂ih)]15. Note that
since the Gaussian curvature term
√
gK is a total deriva-
tive it will not affect the local equations of motion of the
system, but it comes into play for non-trivial topologies.
For most of what follows it will be sufficient to use the
approximate Hamiltonian H =
∫
d2r
√
gH defined as
H = Hsc +Hgeo +Hem
= γ0
(
∂0θ − q~A0 + l ω0
)2
+
γ
2
(
~∇θ − q
~
~A+ l ~ω
)2
+
κ
2
√
g
(∇2h)2 + d0
2µ0
B2. (5)
where γ = ~
2ρ
m is the stiffness of the superconductor,
B = 
ij√
g∂iAj is the magnetic field pseudoscalar, d0 is the
thickness of the sample, and µ0 is the magnetic perme-
ability. The term ∼ γ0 was obtained by integrating out
the fluctuations of the superconducting density. H does
not include any kinetic energy for the membrane or the
electromagnetic fields, nor electric field energy. Thus the
geometry is treated quasi-statically, and we assume that
charge fluctuations and electric fields are small. With the
density fixed, only the phase field θ remains to control the
low-energy dynamics of the superconducting condensate;
of course, that assumption fails near vortex cores, around
which θ exhibits winding singularities. Use of B2 for the
magnetic energy is appropriate for a film of a layered
material whose thickness d0 is much larger than the Lon-
don length λL =
√
~2d0
q2µ0γ
. Later we will consider some
situations where that condition does not hold, and then
we will discuss the necessary modifications of the above
description.
The Hamiltonian (5) captures both the Hall viscosity11
and the geometric Meissner effect12 of a chiral supercon-
ductor. Let us briefly recall the latter.
From (5) we find the supercurrent density,
Ji = −δLsc
δAi
=
ρ~
m
(
∂iθ − q~Ai + lωi
)
. (6)
For a fixed geometry the energy Hc is minimized when
the current vanishes. Taking the curl, we find
qB = l~
√
gK. (7)
This relation shows that a magnetic field can be induced
from a Gaussian curvature. Formally, we also have delta-
function contributions at vortex cores. An integrated
form of (7) can be derived with fewer approximations,
because we can use Stokes’ theorem assuming only that
J vanishes along the boundary. This is the geometric
Meissner effect described at length in ref. 12.
Geometric DC Josephson effect : We can exploit the
tight relation between magnetic field and geometric cur-
vature to derive a diagnostic for chiral superconductivity.
A Josephson junction (JJ) penetrated by a magnetic
flux displays a supercurrent diffraction pattern16:
Ic(B) = Ic(0)
sin(piΦB/Φ0)
piΦB/Φ0
. (8)
were, ΦB is the magnetic flux, Φ0 the flux quantum and
Ic(B) the maximum net tunneling current.
An analogous effect occurs if the junction supports an
integrated curvature, as displayed in Fig. 1(a). The spin
connection one-form on the cone is ω = sinβ dϕ, where ϕ
is the azimuthal angle, while it vanishes on the cylinder17.
The total curvature of the junction is KJ = 2pi sinβ, and
thus in analogy with (8) we find
Ic(β) = Ic(0)
sin(lpi sinβ)
lpi sinβ
. (9)
Depending on the pairing channel l, the tunneling current
vanishes at different critical angles. For a chiral p-wave
superconductor (l = 1) the tunneling current vanishes at
the zeroing angle β = pi/2, regardless the phase difference
across the JJ. For chiral d-wave pairing the zeroing angle
is β = pi/4 etc.. The vanishing of the Josephson tunnel-
ing current at a specific zeroing angle is a clear signature
for chiral superconductivity and allows for unambiguous
determination of the pairing channel. The critical tun-
neling current as a function of the tilting angle is shown
in Fig. 1(b). Note that our proposal is essentially dif-
ferent from previous studies considering flat JJs of chiral
superconductors18.
Rotational AC Josephson effect : When a JJ is biased
at a constant voltage, A0, the current will vary peri-
odically with the period Ω0 = 2eA0/~; this is the AC
3(a) (b)
β
Ic(β)
Ic(0)
β
FIG. 1. (a) Schematic structure of the geometric Josephson
junction. The yellow layers represent chiral superconducting
electrodes on top of a metallic substrate (gray). β represents
the tilting angle of the junction. (b) Tunneling supercurrent
is a function of tilting angle β.
Josephson effect. Analogously there is a geometric AC
Josephson effect if one element of a junction is rotated
at a constant speed relative to the other, as displayed in
Fig. 2. In the laboratory frame the zweibeins rotate as
eˆ1 = cos Ωt eˆx − sin Ωt eˆy and eˆ2 = sin Ωt eˆx + cos Ωt eˆy,
resulting in a time component of the spin connection,
ω0 = eˆ1 · ∂teˆ2 = Ω. From (5) we infer that the effec-
tive voltage drop - i.e., the chemical potential difference
- across the JJ is the sum of the electric potential part
V and geometric potential part l~Ω/2e. (The “geomet-
ric” part can also be derived in a different and very gen-
eral way, by noting that the angular momentum opera-
tor is the generator of rotations.) Thus, relative rotation
is sufficient to drive an AC Josephson tunneling current
at frequency lΩ, even in the absence of an applied volt-
age. This provides another method to detect chirality
and pin down the pairing channel. From an alternative
viewpoint, the rotating JJ works as an ideal electricity
generator that converts mechanical energy to electrical
power without any internal ohmic dissipation.
The traditional AC Josephson effect is difficult to
measure directly, since a small voltage corresponds to
a high-frequency oscillating tunneling current (∼ 400
GHz/mV). By sharp contrast, the rotational AC Joseph-
son effect, once realized, gives rise to a tunneling current
at much lower frequencies, under mechanical control. Of
course, one can also combine electric voltage and mechan-
ical rotation, allowing fine modulation of the former.
Rotation of superconductors in liquid Helium has been
performed successfully to measure the London moment19.
It would be technically challenging to realize rotating JJs,
but their remarkable properties, for chiral superconduc-
tors, offer significant motivation.
Membrane quasistatics: We now consider a flexible
thin membrane, where geometric curvature and magnetic
field can be mutually induced. Varying the total Hamil-
tonian H in (5) with respective to θ, ~A and h give the
GL equations:
1√
g
∂i(
√
gJ i) = 0 ;
d0
µ0
(ij∂jB) =
√
gJ i (10)
κ∇4h = ~ l
q
(∂i∂jh) 
jk∂k(
√
gJ i) , (11)
j(t)
Ω
FIG. 2. Schematic structure of rotational AC Josephson junc-
tion.
where the supercurrent density is,
J i =
qγ
~
gij
(
∂jθ − q~Aj + l ωj
)
. (12)
Equations (10) are not independent, since the second im-
plies the first one, and the above GL equations can be
reformulated as
∇2B = − ~
qλ2L
(
lK − q
~
B
)
(13)
∇4h = lqλ
2
G
~
[
∂2i h∂
2
jB − (∂i∂jh)(∂i∂jB)
]
, (14)
where we introduced the elastic bending length λG =√
~2d0
q2µ0κ
, which is, in addition to the London length λL,
a characteristic length scale in the system. For non-
chiral superconductors (l = 0), the two equations de-
couple, yielding separate equations for the elastic and
electromagnetic response. By contrast, for chiral super-
conductors, the two equations are coupled, resulting in
analytically intractable fourth-order coupled differential
equations.
As an example, let us consider the elastic and magnetic
response of thin circular superconducting membrane that
is clamped at its circumference in such a way that the
tilt angle α = h′(R) (where R is the radius of the cir-
cle) is kept fixed. In the absence of any magnetic field,
the shape of the membrane is obtained by minimizing
the elastic energy keeping α fixed. In particular, it will
be flat when α = 0. If a magnetic field is applied along
the symmetry axis, the field will penetrate the distance
λL from the circumference. When the tilt angle α is
non-zero, the membrane will be curved, and if the su-
perconductor is chiral there will be a non-zero magnetic
field deep inside the membrane due to the geometrical
Meissner effect. Both the shape of the membrane, and
the profile of the magnetic field will differ from the α = 0
case.
To quantify this chiral magnetostriction effect, we have
numerically solved the GL equations, for various ratios
of the characteristic lengths λL and λG. Fig. 3(a) com-
pares the magnetic field distribution for a l = 1 chiral
superconductor to that for a conventional superconduc-
tor. The softer (larger λG) the material is, the more
deeply the magnetic field can penetrate, since mechanical
deformation provides an additional way to relieve phase
4frustration due to the magnetic field. Fig. 3(b) shows
how the slope of the height deviates from the case where
the magnetic field and the geometry are decoupled. The
parameter range in Fig. 3 is not entirely academic; for
example, the geometric bending length is λG = 1µm for
stack-layered graphene with bending rigidity κ ≈ 1 eV
and thickness 0.1µm20, and such a λG = 1µm is compa-
rable with the London length.
(a) (b)
B(
l=
1)
B(
l=
0)
h′(
l=
1)
h′(
l=
0)
FIG. 3. Numerical simulation of spatial profiles of the mag-
netic field (a) and the height gradient (b). Different colors
represent different bending lengths λG. The boundary con-
ditions are set as B(r = 10λL) = ~λL/q and α = h′(r =
10λL) = −0.2.
Now we describe two devices that utilize the inter-
play between chiral superconductivity and elasticity in
an ultra-thin film, where λL  d0. In this case the
magnetic energy dominates the energy of current flow,
so there will be no geometrical Meissner effect. Instead,
the curvature is unscreened.
Geometric SQUID :
This device, displayed in Fig. 4, consists of a very thin
chiral superconducting film shaped into a SQUID config-
uration and deposited on a flexible insulating membrane.
It measures the parallel transport phases due to geomet-
ric deformation directly. We will refer to it as a geometric
SQUID, or GSQUID.
Assuming the SC strips are narrow compared to the
radii of curvature, the phase difference between the
points P and Q in the picture can be calculated either
through the upper path or the lower path:
∆θ = δa + l
∫
Γ1
ωidl
i = δb + l
∫
Γ2
ωidl
i , (15)
where δa and δb are the phase jump across the JJs. Thus
we get
δb − δa = −l
∮
Γ
ωidl
i. (16)
where Γ = Γ1 − Γ2 is a clockwise closed loop inside the
superconducting ribbon. Next, define 2δ0 = δa + δb, to
get
Jt = J0(sin δa + sin δb) = 2J0 sin δ0 cos
(
l
2
ΦG
)
(17)
for the total current through the junction. Here δ0 de-
pends on the details of the junctions, and ΦG is the total
JJ
JJ
GSQUID
P Q
FIG. 4. A schematic picture of the GSQUID. A finite curva-
ture is enclosed by micro-ribbons of a chiral superconductor
(light blue), with two Josephson junctions (deep blue). Black
arrows show the direction of the supercurrent.
Gaussian curvature of the area of the substrate enclosed
by the ribbon. Just as a normal SQUID is used to de-
tect small changes in the magnetic field, the GSQUID
can detect small changes in the curvature of the part of
the membrane inside the GSQUID loop. Such geometric
changes can be induced by acoustic driving or by using an
AFM tip, for instance. Conventional SQUIDs are used to
measure magnetic fields of order of nano-Tesla routinely.
A GSQUID of a similar size can detect a geometric cur-
vature with radius ∼ 1 mm which is very large compared
to the London length.
Note that the GSQUID is sensitive to the enclosed cur-
vature even though its underlying Cooper pairs only sam-
ple its edges. As a simple example, consider a narrow
ribbon around the equator a sphere. It has zero curva-
ture but encloses a cap with total curvature 2pi which for
l = 1, i.e. p-wave pairing, gives a minus sign in (17).
The analogy with the Aharonov-Bohm effect should be
obvious.
Geometric radiator : An acoustically driven membrane
of a chiral superconductor generates, through oscillations
of its curvature, an oscillating magnetic dipole moment,
and thus it will emit electromagnetic radiation.
To estimate this effect we approximate the lowest
eigenmode of a clamped membrane with a Gaussian pro-
file h(t, r) = h0(t)e
−r2/r20 . For small values of the as-
pect ratio h0/r0, the Gaussian curvature of the bump is
K = (h0/r
2
0)
2e−r
2/r20 . Based on the equation (12) we
can calculate the current density induced from geometric
curvature as, ∮
Jidl
i =
qγ
~
∫
dSK , (18)
which amounts to an effective magnetic dipole moment,
m0 ∼ 0.4qγd0h
2
0
~
. (19)
A magnetic dipole oscillating at a frequency Ω generates
the radiation power21
〈P 〉 = µ0m
2
0Ω
4
12pic3
. (20)
5Taking h0 = 1 mm, d0 = 1 µm, and ρ = 10
−22 m−3 we
get 〈P 〉 ∼ 10−6 (Ω/THz)4 W. For a thin film, the flexural
mode has the lowest acoustic frequency (for graphene
this is about 40 THz22) and may be practical to excite,
yielding detectable radiation.
Summary : We have explored the physical implications
of geometric curvature for chiral superconductivity, and
found several novel phenomena. Exploiting the geometric
gauge field, we proposed DC and AC geometric Joseph-
son effects, a chiral magnetostriction effect and geometry-
based SQUIDs and radiators. These effects provide both
striking signatures for chiral superconductivity and po-
tentially useful devices.
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